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A lifting-surface method is presented that uses elements having distributed vorticity to model lifting surfaces and
their shed wakes. Using such distributed vorticity elements allows the representation of a force-free continuous wake-
vortex sheet that is free of numerical singularities and is thus robust in its numerical rollup behavior. Unlike other
potential-flow methods that use discrete vortex filaments having solid-core models at their centers to avoid problems
with the singularities, the numerical robustness of the new method is achieved without the subsequent solution being
dependent on the choice of a cutoff distance or core size. The computed loads compare well with results of classical
theory and other potential-flow methods. Its numerical robustness, computational speed, and ability to predict loads
accurately make the new method ideal for the investigation of applications in which the loadings on a lifting surface
depend strongly on the influence of the wake and its shape, as is the case for the two application examples presented:

formation flight and rotating-wing systems.

Nomenclature

circulation coefficients

wingspan

induced-drag coefficient

lift coefficient

wing chord

section-lift coefficient

root chord

span efficiency

positive constant

freestream Mach number
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w, = velocity induced by a vortex sheet with a linear
vorticity distribution in the spanwise direction

x,y,z = local reference frame

X, = wingtip location

o = angle of attack

r = circulation

y = vorticity

Ax = streamwise spacing between fuselage centerlines

AXx,xe = Streamwise step size in the wake

Ay = lateral spacing between fuselage centerlines

n; = distributed vorticity element half-span

&, n,¢ = local reference frame of the distributed vorticity
element

® = sweep angle of the distributed vorticity element

Subscripts

Le. = values computed along the leading edge

t.e. = values computed along the trailing edge

Trefftz = values computed in the Trefftz plane
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Introduction

ENERALLY, potential-flow methods use discrete vortex

filaments to account for the vorticity in the shed wake. The
linearity of their governing equations makes them ideal for numerical
applications because of their computational speed and ability to
predict loads accurately. The singularity at the center of the discrete
vortex filament, however, results in several numerical challenges: for
example, when a wake filament of an upstream wing contacts or
passes in close proximity to a control point of a downstream wing.
The resulting induced velocities can be extremely large, altering the
flowfield at the control point considerably, and thus have an
unrealistic influence on the local circulation. One way to avoid this
problem is simply to prescribe the location of the surface and wake
elements in a fashion that prevents any close encounters. This is
difficult, however, for the cases when the wake is not assumed to be
rigid and is instead allowed to roll up.

The representation of a force-free wake does capture the effects
that are due to wake rollup. These effects can be significant when a
strong interaction exists between lifting surfaces and their wakes.
Such interactions are found, for example, with formation flight or
rotating-wing systems. In the former case, the loads of the second
aircraft depend on the amount of rollup that the lead-aircraft wake has
experienced up to that point. In the case of a rotating-wing system
(for example, a helicopter rotor in hover), the loads of each blade are
strongly influenced by the velocities induced by the wake that is shed
by either a preceding blade or by that particular blade during the
previous rotation.

In considering a relaxed wake, numerical issues can arise in the
wake during the numerical relaxation process. As the trailing
filaments are displaced with the local flowfield, the contribution of
two filaments can become quite large if the filaments intersect or
come in close proximity during one time step. As a consequence of
the infinite velocities at the center of the singularity, irrationally large
displacements occur and the wake becomes erratic. This behavior is
exacerbated with a higher density of wake filaments, longer time
steps for the numerical wake relaxation, and wake models that extend
far downstream of the trailing edge. The latter is a particular issue
when modeling the wakes of rotary wings, in that an accurate
representation requires the wake to be tracked for several rotations.

Although the viscous-core model eliminates numerical issues
related to the singularity at the center of a filament, the choice of core
size can have a significant influence on the solution. Furthermore, the
solid core does not resolve issues such as vortex pairing or the
intersecting of two filaments in the wake.

A representation using a continuous vortex sheet avoids many of
the singularity issues that accompany discrete vortex filaments. The
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velocities that such a sheet induces are finite everywhere exceptin the
plane of the sheet, in which the tangential velocity is undefined but
numerically taken to be zero. Early analytical studies examined the
rollup behavior of a zero-thickness vortex sheet in the Trefftz plane,
which originated from an elliptical spanwise circulation distribution
[1]. In [2], it is demonstrated that an infinitely thin free-wake sheet is
numerically feasible with the help of smoothing parameters. The
numerical solution, however, appears to be more robust when
thickness is introduced to the wake-vortex sheet [3,4]. Although
numerically feasible, either approach has limitations that are very
similar to those of the solid-core approach.

The numerical implementation of the discretization of a
continuous vortex sheet using elements with distributed vorticity
encounters its own set of difficulties. Along the edges of each
fundamental element [5], the velocity contribution to that element is
singular. Although the overall solution remains finite, because the
singular contributions of two neighboring elements cancel each
other, the numerical management of an individual edge is difficult.
Even the use of smoothing functions for the extreme velocities is of
limited value because, as with the solid-core approach, the solution
becomes dependent on the smoothing function used [6].

The approach introduced here allows a simple numerical
application of a discretized model of a continuous vortex sheet that
treats the singularities along the edges of each elementary vortex
sheet without smoothing functions or other numerical corrections
that alter the velocities induced by the potential-flow model. The
subsequent induced velocities of the discretized wake are finite,
avoiding most of the singularity issues that result when vortex
filaments are used to model the wake. The resulting method allows
for the accurate representation of a force-free wake that captures
wake-rollup behavior well and is more numerically robust than many
previous approaches.

Distributed Vorticity Element

In the study presented herein, the flowfield is modeled using a
potential-flow method that relies on distributed vorticity elements. A
more comprehensive discussion of the method can be found in [7].
As shown in Fig. 1, a distributed vorticity element has vortex
filaments along its leading and trailing edges. These two filaments
have spanwise circulation distributions that are parabolic and of
opposite orientations. A vortex sheet with a linearly varying vorticity
distribution maintains the total vorticity in the streamwise direction
between the two filaments. The vorticity of the sheet is aligned along
the local flow direction (that is, along the & axis). The sheet lies in the
&-n plane, and thus the { axis is normal to the plane of the vortex sheet
of the distributed vorticity element.

The velocity that is induced by a distributed vorticity element can
be computed by adding the analytical solutions of two sets of a vortex
filament and a semi-infinite vortex sheet, as shown in Fig. 1 [7]. One
set begins at the leading edge of the distributed vorticity element. The
second set, for which the circulation and vorticity distributions are of
opposite orientations, begins at the trailing edge of the element.
Downstream of the trailing edge of the element, the influence of the
two vortex sheets is effectively canceled out.
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Fig. 1 A distributed vorticity element is composed of vortex filaments
along its leading and trailing edges and of two semi-infinite vortex sheets.

The lifting-surface method with a force-free-wake model
presented herein is based on the multiple-lifting-line method of [§].
The velocities that a vortex filament segment induces with its
parabolic circulation distribution at an arbitrary point Py (&, 19, {o)
require the integration over the elementary wingspan from —; to 1;:
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A similar integration yields the velocity induced by the semi-
infinite vortex sheet:
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&, 1, and ¢ are the coordinates in the local reference frame of the basic
element and ¢ is its leading-edge sweep angle, as indicated in Fig. 2.

The integrands in Egs. (1) and (2) exhibit several singularities. In
addition to the singularity at the centers of the vortex filaments,
further singularities are associated with the vortex sheet and are the
subject of the following discussion.

Semi-Infinite Vortex Sheet

As is apparent in Eq. (2), the vortex sheet induces two velocity
components: one that is tangential to the plane of the sheet in the
spanwise 7 direction and one that is normal to the plane of the sheet.
Except in the plane of the sheet, in which it is undefined, the
tangentially induced-velocity component is finite everywhere. In the
plane of the sheet itself, the tangential velocity is set to zero for
numerical purposes. The velocities induced by the vortex sheet
normal to its plane are finite except along the edges of the sheet,
where they can be singular. For example, the velocity induced along
the leading edge of the semi-infinite vortex sheet becomes singular if
the leading edge is swept. Without sweep, the self-induced velocity
along the leading edge is half the value of the doubly infinite vortex
sheet. Further singularities are present along the side edges of the
sheet if the vorticity is nonzero there. These singularities complicate
the numerical implementation of a discretized model.

Discretizing a Continuous Vortex Sheet

A continuous spanwise vorticity distribution is shown in Fig. 3 for
a vortex sheet having a triangular distribution of strength, going to
zero at n = —1 and 4.2. The subsequent induced normal velocity
Wy 1S finite everywhere in the plane of the sheet. When
discretizing this sheet and its triangular vorticity distribution with

%

y=f(n)

Fig. 2 The semi-infinite vortex sheet of [8].
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Fig. 3 A spanwise distribution of the normal velocity that is induced in
the plane of two semi-infinite vortex sheets. The left sheet spans from
n = —1 to 1 and the right sheet spans from n = 1 to 4.2. The dashed line
denotes the spanwise vorticity distributions and the solid line denotes the
total induced velocity.

two separate sheets having linear vorticity distributions y;.; and
Viight» the overall induced velocity should clearly remain unchanged.
The individual velocity contributions of each discrete vortex-sheet
element, Wy and Wygy, depend in part on logarithmic terms of the
following form:

3)
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where 1) is the local span coordinate of the point at which the induced
velocity is being computed, and 7); is the half-span of the semi-infinite
vortex sheet element. As the common boundary of the two
neighboring elements is approached at n = 1, the numerator of the
logarithmic expression of one of the vortex-sheet elements becomes
zero; simultaneously, the denominator of the other element
approaches zero at the same rate. If the vorticities at the common
border are of equal strengths, the subsequent velocity singularities of
Wjefe and Woygp are of the same magnitude but of opposite sign and
thus cancel one another. Consequently, the overall induced velocity
Wy T€Mains finite and unchanged to the original case of the vortex
sheet with continuous triangular vorticity distribution.

Treatment of the Side-Edge Singularities

To be able to numerically handle the discretized representation of a
continuous vortex sheet without altering the overall induced-velocity
field, the logarithmic term in Eq. (3) requires further treatment. By
adding additional singularities to the side edges of each individual
vortex-sheet element, the original singularities are canceled and each
element becomes numerically well-behaved, as indicated by the
modified induced velocities in Fig. 3. Also, as the added singularities
of two neighboring elements cancel one another, the combined
induced velocity remains unaffected. The additional singularities to
each side edge of a vortex-sheet element modify the numerator and
denominator of the logarithmic term of Eq. (3) with the sum of a
positive constant k, such that
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The rate at which the influence of the additional singularity
diminishes with increasing distance to its location depends on the
size of the constant k. A smaller k reduces the impact on the
corresponding induced flow component further away, but increases
its peak at the edge itself. Independently of this, the combined
velocity Wy, Will remain unchanged if the same constant k is used
for two neighboring vortex-sheet elements.

Treatment of the Leading-Edge Singularities

As mentioned before, the velocity that is induced normal to the
plane of a vortex sheet is singular along its leading edge if the leading
edge is swept. Without sweep, however, the induced velocity is half
the value of a doubly infinite vortex sheet. To illustrate this, the

Fig. 4 Modeling a vortex sheet that is continuous along the direction of
its vorticity orientation using two semi-infinite vortex sheets.

sketch on the left of Fig. 4 depicts a doubly infinite vortex sheet. This
sheet can also be represented with two semi-infinite vortex sheets (A
and B) that join along the solid line. Clearly, in this case, each semi-
infinite vortex sheet contributes half of the total induced velocity. On
the right side of Fig. 4, the same doubly infinite vortex is modeled
using two semi-infinite vortex sheets for which the common
boundary is swept. Although the total normal induced velocity at
point Il is the same as at point I, it can be shown that the individual
contributions of the semi-infinite vortex sheets C and D are singular
at point II, due to the swept edges of the sheets [7]. Similar to the side-
edge singularities of Eq. (3), these singularities are logarithmic in
nature and cancel at the joined edge of both sheets C and D, thus
resulting in the finite total velocity.

Because the singularity along a swept leading edge of a vortex
sheet is similar in nature to those found along the sides of a
discontinuous sheet, a similar treatment is possible; that is, an
additional singularity can be introduced to cancel the original one.
The mathematical approach is similar to that given by Eq. (4), with
the addition of a positive constant to the numerator and denominator
of the logarithmic expression. Subsequently, when describing a
doubly infinite vortex sheet using semi-infinite vortex sheets, the
total induced velocity remains unchanged, although the individual
velocity contributions are now finite.

Limitation of the Singularity Treatment

A limitation of the method that uses distributed vorticity elements
is related to the discontinuity that occurs at the tip of the lifting
surface and its subsequent wake. There, although the bound
circulation approaches zero, the shed vorticity is usually nonzero.
The extreme example is the elliptical circulation distribution, which
has zero circulation at the tip but sheds an infinite amount of vorticity
there. Clearly, this discontinuity represents a limit of modeling a
flowfield using potential theory, because in a real fluid, viscous
effects strongly influence that region. This limitation is independent
of whether or not vortex filaments or vortex sheets are used, although
the former typically entails a nonzero circulation at the wingtip.

The singular velocity along the wake edge is avoided by using the
modification given in Eq. (4). In that case, however, the additional
singularity at the edge of the wake-vortex sheet is unbalanced
without a neighboring element. As a consequence, the additional
singularity can affect the remaining flowfield. The degree of that
influence greatly depends on the size of k in Eq. (4), which governs
the peak size of the induced velocity at the edge of a distributed
vorticity element and how fast that influence diminishes. As the value
of k decreases, the velocity peak at the edge of the vortex-sheet
element becomes more pronounced and its impact further away
becomes more reduced. The limiting case is k = 0, which returns the
original result of Eq. (3). The velocity peak only becomes a concern,
however, when the induced normal velocity must be computed at the
wake edge, primarily during the relaxation process. In [7], a k value
of 1% of the half-span of the vortex-sheet element at the wake tip
yielded a relatively smooth overall velocity distribution that
experienced only a minor influence by the tip. This value reduces the
impact on the circulation distribution to a minimum without causing
significant local velocity peaks in the flowfield. The latter is helped
by the fact that the locally computed flowfield is the composition of



BRAMESFELD AND MAUGHMER 563

oints

Currlr_nl P

Fig. 5 Paneling of the lifting surface (solid lines) with distributed
vorticity elements (dashed lines).

the influences of many vortex-sheet elements. Nevertheless, even
with the singularity along the outer edge of the wake, distributed
vorticity elements eliminate the singularities in the remaining
flowfield that are otherwise present when using vortex filaments.

Potential-Flow Model Using Distributed
Vorticity Elements
Lifting-Surface Representation

A lifting surface is represented by arranging several distributed
vorticity elements across the span. The spanwise vortex filaments
and their parabolic strength form second-order splines to account for
the bound circulation. The vortex sheet between the leading- and
trailing-edge filaments has a continuous spanwise vorticity
distribution. Several such spanwise systems can be positioned at
different chordwise locations, as shown in Fig. 5.

The circulation coefficients A, B, and C of each distributed
vorticity element are determined by solving a system of linear
equations that satisfies three boundary conditions: flow tangency at a
control point and circulation and vorticity strengths that are
continuous in the spanwise direction across the boundary between
two distributed vorticity elements. Although it is possible to
introduce thickness, in this study, the elements were distributed over
the chord, or zero-lift, surface to limit the computing time. Thus, it is
essentially a vortex-lattice method.

Because the elements remain planar and are, in fact, only truly
continuous in the spanwise direction along their leading-edge vortex
filaments, leakage may occur between the distributed vorticity
elements of a lifting surface that has twist. Nevertheless, the leakage
will have a negligible influence if a sufficient number of spanwise
panels are used.

Development of the Wake

The wake is developed using a time-stepping method. As the wing
progresses forward with each time step, a new spanwise row of
distributed vorticity elements is emitted into the wake from the
trailing edge. The vorticity distribution of the wake elements depends
on the strength of the circulation of the surface elements that are
located along the trailing edge. To reduce the computational effort
and eliminate any singularities in the wake, the leading and trailing
vortex filaments of the wake elements are omitted, which is
permissible for steady-state conditions having constant streamwise
vorticity strength.

To achieve a force-free wake, the distributed vorticity elements are
displaced with the local velocity during each time step. During the
relaxation process, the wake elements are allowed to roll, pitch, yaw,
and stretch. As the wake elements are stretched and compressed, their
vorticity distributions must be adjusted to keep the total circulation
unchanged. Thus, for a distributed vorticity element,
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Fig. 6 Forces and span efficiencies of an elliptical wing with a straight
trailing edge computed using the multiple-lifting-line method [8]. The
induced drag is computed in the Trefftz plane and by applying the
Kutta—Joukowsky theorem along the trailing edge of the wing.
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must remain constant, where 7, is the half-span of the distributed
vorticity element with its spanwise circulation distribution I"(7).
With steady conditions, the integral value of Eq. (5) is constant for
wake elements of a particular span location, the value depending on
the vorticity shed at the trailing edge of the span location of interest.

As is the case with the lifting surface, leakage can occur between
the wake elements, which remain planar as they rotate and stretch
during the relaxation process. This, however, only becomes an issue
if the local velocities were to be computed in such a gap between two
wake elements. In such a case, the velocity peaks induced by the edge
of one distributed vorticity element may be unbalanced. To minimize
such problems during the relaxation process, the wake elements are
attached in the spanwise direction at their midchord locations and in
the streamwise direction at their midspan locations. Thus, it is
ensured that no gaps occur at the points at which the local induced
velocities are computed during the relaxation process.

Lift and Induced Drag Determination

Lift is computed along the vortex filaments of the distributed
vorticity elements of the lifting surface. The force is composed of a
part due to the freestream flow and a part due to the induced velocity.
The freestream force contribution uses an analytical solution to
integrate the lift force across the span of each bound vortex. The lift
due to the induced velocities at each surface element is determined
using a numerical integration.

The induced drag is computed by taking the cross product between
the circulation that is shed into the wake at the trailing edge and the
velocity induced by the wake at this location [9-11]. A comparison
of the computed drags of this near-field approach and of a Trefftz-
plane integration is given in Fig. 6 for a wing with an elliptical chord
distribution and a straight trailing edge. Both cases use the fixed-
wake model of the multiple-lifting-line method of [§]. Also shown in
this figure are the lift force and the subsequent span efficiencies that
are based on the two different drag estimations. The two drag-
calculation methods and their corresponding span efficiencies
display differences of less than a tenth of a percent.

Special attention is required when determining the induced drag of
a wing with a swept trailing edge, because the normal velocity
induced by the wake vortex sheet is singular along its swept leading
edge [8]. In spite of the singular velocity, the induced drag is finite
and equal to that of a system without sweep but having an equivalent
spanwise circulation distribution [12,13]. Thus, to predict the drag
along a swept trailing edge, this edge is essentially deswept for the
numerical computation, whereas the spanwise circulation
distribution is maintained. Drag results of this approach are plotted
in Fig. 7 for wings with elliptical chord distributions and varying
sweep angles; x,/c, = 0 denotes a straight leading edge, x,/c, =
0.25 is a straight quarter-chord line, and x,/c, =1 is a straight
trailing edge. The forces and span efficiencies were computed using
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Fig. 7 Forces and span efficiencies of the multiple-lifting-line method
[8] using results from the Trefftz plane and Kutta—Joukowsky along the
trailing edge of a wing with an elliptical chord distribution and varying
trailing-edge sweeps.

the fixed-wake multiple-lifting-line method of [§]. As evident in
Fig. 7, the near-field results are in good agreement with the values
that were determined in the Trefftz plane, despite the varying sweeps.

The drag evaluation along the trailing edge is much more suitable
for a relaxed wake than is a Trefftz-plane integration. The Trefftz-
plane results require the knowledge of the exact shape of the wake
shape far away from the lifting surface and is sensitive to even small
errors in the shape [14]. In comparison, the drag estimation along the
trailing edge is not very dependent on the accuracy in shape of an
aged wake far away from the trailing edge.

Validation

To validate the method described in the previous section, the
forces on wings having elliptical chord distributions were computed
and compared with results obtained elsewhere [10,14,15]. The
elliptical planforms considered have aspect ratios of 7 and various
amounts of sweep. An angle attack of 4 deg is used, which
corresponds to a cruise-lift coefficient of approximately 0.32. The
distributed vorticity elements are distributed linearly along the span
and the chord of the lifting surface.

The respective planforms are shown in Fig. 8, where x,/c, =0
denotes the wing with an unswept leading edge, and x,/c, = 1 is the
crescent wing that has an unswept trailing edge. Only the latter
planform has a fixed drag-free wake that has a planar trace in the
Trefftz plane, independent of angle of attack. In comparison, the
straight wake shed from the forward-swept trailing edge of the
classical elliptical wing (that is x,/c, = 0.25) has a growing dihedral
with increasing angles of attack, and its subsequent trace in the
Trefftz plane has an elliptical shape. Conversely, the Trefftz-plane
projection of an aft-swept trailing edge has an anhedral with positive
angles of attack. Thus, the elliptical planform with a straight trailing
edge most closely matches the assumptions made in the classical
lifting-line theory regarding a planform having an elliptical
circulation distribution.

Convergence Study

The convergence behaviors of the induced-drag coefficient, lift
coefficient, and span efficiency are shown in Fig. 9 for different step
sizes in the wake for a wing with an elliptical chord distribution and a
straight trailing edge (x,/c, = 1). The wake is developed using a
time-stepping method and, consequently, the strength of the shed
vorticity changes significantly in the early stage of the wake
evolution. The lifting surface was modeled with m x n =18 x 3
distributed vorticity elements across the half-span and the chord,
respectively. Three different wake-step sizes were used to develop
the relaxed force-free wake: 0.5, 1, and 2% of the wingspan. Also
shown in the figure is the convergence behavior of the equivalent
values of a fixed drag-free wake that is shed from the trailing edge of
the wing along the direction of the freestream.

Overall, the computed solutions converge well and are
numerically well-behaved, even after the wake has been developed
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Fig. 8 Elliptical planforms with various tip locations.
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Fig. 9 Convergence behavior of drag and lift forces and the span-

efficiency factor of a wing with an elliptical chord distribution and
straight trailing edge using various step sizes in the relaxed wake.

for up to 10 wingspan lengths. In general, convergence is reached
within approximately 60 time steps. Within the first 20 time steps, the
results of all four wake-step sizes are within a half-percent of their
converged value. Any oscillatory behavior is strongly damped, with
the exception of occasional peaks of the relaxed wake, which uses the
smallest step size of 0.5% of the wingspan. Although these outliers
are most likely the result of leakage issues in the relaxed wake, it is
significant to notice that they remain limited in value and are strongly
damped.

Panel-Density Effects

The influence of the spanwise paneling density on lift and drag
coefficients and the span efficiency is shown in Fig. 10. The linear
spanwise panel distribution varies from 3 to 36 distributed vorticity
elements per half-span, with three elements used along the chordwise
direction of the lifting surface. The force and span-efficiency values
rise asymptotically with an increasing number of spanwise panels.
Although lift and drag appear to be leveling off at the higher panel
density in the spanwise direction, the span-efficiency factor
continues to approach the theoretical value of 1.

The variation of the element density along the chordwise direction
has only a minor impact on the convergence behavior, as shown in
Fig. 11. In this figure, the chordwise paneling density was increased
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Fig. 10 Behavior of lift, drag, and span efficiency as functions of the
varying density of distributed vorticity elements in the spanwise
direction of a wing with an elliptical chord distribution and straight
trailing edge.
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Fig. 11 Behavior of lift, drag, and span efficiency as functions of the
varying density of distributed vorticity elements in the chordwise
direction of a wing with an elliptical chord distribution and straight
trailing edge.
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Fig. 12 Comparison of spanwise distribution of the lift and lift
coefficient of an elliptical wing with aspect ratio of 7 and different panel
densities.

from 1 to 10 for a wing with 18 panels across its half-span. The
computed values are relatively constant for three or more elements in
the chordwise direction.

Lift Distribution

The spanwise lift distribution for the case of the wing with an
elliptical chord distribution and a straight trailing edge is plotted in
Fig. 12. The lifting surface is modeled with 10, 18, and 36 distributed
vorticity elements along the span and 3 along the chord. Also plotted
in this figure is the theoretical case of an elliptical lift distribution.
The differences between theory and the calculated solution are small
and occur mainly in the very tip region, in which the second-order
splines formed by the distributed vorticity elements fail to follow the
infinite slope of the theory. To better demonstrate the agreement of
the computational method with the theory, the spanwise distributions
of the section-lift coefficients are also plotted in Fig. 12. The
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—&O—  Force-Free, nxm=70x100, [15]

0.90 ‘ ‘

0.0 0.5 1.0 1.5

Xilcy
Fig. 13  Effect of tip location on the span-efficiency factor of a wing with
an elliptical chord distribution at a lift coefficient of approximately 0.32;
comparison of results derived with the relaxed force-free model using
distributed vorticity elements and other methods of various references.

theoretical case of a wing with elliptical lift and chord distribution
would have a constant section-lift coefficient across the span. Only
near the wingtip do the calculated values deviate noticeably from the
theory, especially in the cases with fewer spanwise panel densities.

Comparison with Other Methods

The influence on the span efficiency of different planforms, all
having elliptical chord distributions and lift coefficients of
approximately 0.32, is shown Fig. 13. Here, the results obtained
using distributed vorticity elements and a force-free wake are
compared with the results of other theoretical approaches
[8,10,14,15]. As discussed before, the multiple-lifting-line method
of [8] uses a drag-free wake that is modeled with semi-infinite vortex
sheets aligned with the freestream direction. The results of [10] were
derived with a panel method that models the force-free wake using
discrete potential vortices. The induced drag was computed along the
trailing edge, in a manner similar to the lifting-surface method that is
introduced here. The results of [14] were derived with a panel code
using a force-free-wake and drag-free-wake model. The method uses
higher-order panels for modeling the lifting surface and discrete
vortex filaments with solid cores in the wake. Induced drag is
computed in the Trefftz plane after converting the wake-vortex
filaments into panels for which the doublet strengths vary piecewise
linearly in the spanwise direction. The drag and lift forces of the
higher-order panel code of [15] were computed using a surface-
pressure integration.

Overall, the different theoretical approaches agree well over the
range of investigated wingtip locations. The force-free results of the
distributed vorticity element method are in good agreement with the
results of the drag-free-wake models of [8,14]. Although the method
introduced here agrees well with the drag-free results of [§,14] in the
case of the unswept quarter-chord line (x,/c, = 0.25), small
differences exist when compared with the results of the three relaxed-
wake methods of [10,14,15]. Varying the panel density of the lifting
surface and in the wake of the distributed vortex element method has
no apparent influence on these small differences. Thus, it is assumed
that the differences are inherent to the methods (for example, due to
thickness effects). The method that uses distributed vorticity
elements clearly requires fewer elements in the spanwise direction to
achieve an accuracy that is similar to the other relaxed-wake models,
thus potentially reducing the computational effort. In addition, the
induced-drag computation along the trailing edge is less sensitive to
changes in the panel density of the lifting surface and the wake.

Comparison with Experimental Results

One quantitative measure of the ability of the force-free potential-
flow method that uses distributed vorticity element to predict the
flowfield in the wake behind a wing is given in Fig. 14. The figure
shows the experimental [16] and theoretical crossflow-velocity-
vector fields that are located approximately two wingtip chords, or
approximately 32 in., behind the trailing edge of a wind-tunnel model
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Fig. 14 Computational and experimental [16] crossflow-velocity
vectors approximately two wingtip chords behind a second-generation
jet-transport wing; M_, = 0.700 and C; = 0.53.

of a second-generation jet-transport wing having a half-span of
156 in. As part of an investigation of the effectiveness of winglets,
crossflow-velocity-vector fields were measured with a wake rake.
The computational wing model consists of one row of 40 distributed
vorticity elements in the spanwise direction. The planform geometry
and twist are the same as those used in the experiment.

The two vector fields agree comparatively well in magnitude and
direction. The major differences appear to be the locations of the
centers of rotation and the location of the shear layers. The greatest
differences exist near the centers of rotations for which the velocity
gradients become large. Thus, small numerical errors in the
computations and the influence of viscosity in the experiment are
likely responsible for the deviations. To aid the comparison, the
computed wake was adjusted upward by 3.5 in. in Fig. 14. Just 1.5-
deg bending of the wind-tunnel model under the aerodynamic loads
would explain the difference in wake offset to the rigid theoretical
model. Further inaccuracies are introduced by differences in the
spanwise circulation distributions as well as in the streamwise
location of the crossflow surveys. Nevertheless, the agreement of the
theoretical model with the experimental results, for what is a fairly
difficult flowfield case, is encouraging.

Another comparison of the distributed vorticity element method
with experimental results is shown in Fig. 15. In the wind-tunnel
experiment, rotational speeds were measured with a vorticity meter
in four transverse planes behind the 1/12-scale model of an L-19
wing [17,18]. For comparison, the computational results show
contours of the crossflow velocities in the same four transverse
planes that are 1, 2, 3, and 4 in. aft of the trailing edge. The root chord
of the wing is 5.33 in. For the computation, the wing geometry, the
freestream velocity of 110 ft/s, and the angle of attack of 12 deg are
matched with the experimental values. The theoretical wing has 25
distributed vorticity elements across its half-span.

The theoretical prediction of the location of the rolled-up tip vortex
agrees quite well with the experiment. The agreement with the
experiment exists despite the closeness to the trailing edge of less
than a chord and thus the presence of lingering viscous effects in the
wake of the experiment. Those effects are indicated by the significant
rotational speed contours that were measured further inboard from
the wingtip. They are caused by the shear layer coming off the trailing
edge that is not yet rolled up in the tip vortex. Nevertheless, the
location of the shed shear layer of the experiment coincides with the
location of the vortex sheet of the theoretical prediction, indicated by
the dashed—dotted lines at the left of Fig. 15. Further agreement exists
between the experimental and theoretical amounts of circulation that
are concentrated in the rolled-up portions of the wakes. According to
[17], the circulation concentrated at the tip vortices is approximately
18.4 ft?/s in the four transverse planes. The corresponding values of
the theoretical model are determined by manually computing the
contour integrals along the 17.5-ft/s contour lines. The subsequent
results yield circulation values of 21.8, 19.1, 26.3, and 24.5 ft>/s in
the four transverse planes that are 1, 2, 3, and 4 in. aft of the trailing
edge, respectively. A more consistent agreement with the experiment
is found for the 3- and 4-in. transverse planes if the integration path
along the 17.5-ft/s contour line is modified along the thick dashed

Wingtip Location

4" Behind Trailing Edge

Fig. 15 Crossflow-velocity and constant rotational-speed contours in
four transverse planes behind the trailing edge of a 1/12-model L-19
wing. The crossflow velocities on the left are of computational origin
using distributed vorticity elements, whereas the experimental data on
the right were measured with a vorticity meter [17,18].

lines in Fig. 15. In those cases, the circulation values are 20.1 and
20.4 ft?/s, respectively.

Sample Applications

A sample application of the method that makes use of distributed
vorticity elements is shown in Fig. 16. In this figure, the computed
shapes of the vortex sheets are plotted as they are shed of two wings
that fly in a close formation. The two wings with aspect ratios of 22
are separated by half a span in the streamwise direction and 0.8 spans
in the spanwise direction. Both wings are trimmed in roll and pitch,
so that their cruise-lift coefficients of 0.58 match. Although the two
wake sheets intermesh strongly, the computational results are
numerically well-behaved and no irregular outcomes are observed.
The formation-flight configuration shown in Fig. 16 is a typical
example for which the wake model has an impact on the span
efficiency. In the case of the trailing wing of this particular
configuration, the predicted induced drag is approximately 10% less
using a fixed drag-free-wake model than with using a force-free
model.

A rotating-wing example of using distributed vorticity elements is
given in Fig. 17. The figure shows a rotor blade with a tip-speed ratio
of five and the subsequent wake-vortex sheets of six rotations for the
fixed and relaxed force-free-wake cases. The most significant
differences due to the wake model are the radial expansion and axial
contraction of the force-free wake, which is typical for a free-milling
blade, such as is the case with a wind turbine. Clearly, the rollup
behavior and the contraction/expansion of the wake have a
significant impact on the velocities that are induced at the lifting
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Fig. 16 Looking down at the wake-vortex sheets that are shed by wings
flying in formation with a streamwise separation of Ax = 0.5h and
lateral spacing of Ay = 0.8b.

Fig. 17 A rotating wing with a tip-speed ratio of five: prescribed wake
model (left) and force-free-wake model (right).

Fig. 18 A rotating wing and its wake in hover after two rotations (left)
and after three rotations (right).

surface, an effect that becomes increasingly pronounced with
reductions in tip-speed ratio. As far as the method is concerned, it is
important to note that despite the close proximity of the wake
elements of the relaxed-wake model, the solution is without any
erratic behavior, even when the wake is allowed to roll up freely
when the lifting surface advances.

An extreme numerical challenge is the modeling of a helicopter
rotor in hover with a relaxed force-free wake. The only mechanism
that transports the shed wake-vortex sheet away from the rotational
plane is the self-induced-velocity field. Thus, the wake propagates
downstream relatively slowly from the rotational plane, and a strong
interaction occurs between the wakes shed at different blade
rotations. This is clearly observed in Fig. 18, which shows a single
hovering rotor blade and its subsequent wake-vortex sheet. The
figure demonstrates the numerical robustness of the method, making
use of distributed vorticity elements. As can be seen on the left of
Fig. 18, after only a half-rotation, the shed wake already starts to
merge with the wake that was shed during the previous rotation. In
particular, the rolled-up tip regions of two separate rotations interact
strongly and it becomes difficult to distinguish much wake structure
after three rotations, as shown on the right of Fig. 18. Nevertheless,
the relaxation process is well-behaved.

Conclusions

A lifting-surface method is introduced that represents the lifting
surface and the vorticity that is shed into the wake using elements

with distributed vorticity. In the wake, the distributed vorticity
elements, because of their finite induced velocities, allow the
discretized representation of a continuous vortex sheet, thus
preventing the numerical issues that are typical of other relaxed-wake
potential-flow methods.

The new method approach shows good agreement with the
elliptically loaded wing results of the classical lifting-line theory.
Likewise, good agreement exists with the results of other theoretical
methods. This agreement is obtained using considerably fewer
panels than the other methods considered. In particular, the drag
computation along the trailing edge is less sensitive to paneling-
density variations of the lifting surface and in the wake. In
comparison with experimental results, the approach using distributed
vorticity elements yields similar flowfields in the wake of a wing. It
correctly identifies the location of the tip vortex and of the shear layer
behind the wing-trailing edge. In addition to the qualitative
assessments, the method well predicts the amount of circulation that
is concentrated in the tip vortex and also yields very good agreement
with the experiment when comparing the actual crossflow-velocity-
vector fields in the wake.

The biggest advantage of using distributed vorticity elements over
other potential-flow elements is their numerical robustness despite a
force-free-wake model. As shown in several sample applications, the
vortex-sheet rollup occurs without any erratic behavior, even when
multiple wake-vortex sheets intersect each other. Overall, the
numerical accuracy and stability of this method make it suitable for
applications with strong interactions between the lifting surfaces and
their subsequent wakes, even when the wakes need to be modeled for
long distances downstream.
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